We propose a practical approximation to the exchange-correlation functional of (time-dependent) density functional theory for many-electron systems coupled to photons. The (time non-local) optimized effective potential (OEP) equation for the electron-photon system is derived. We test the new approximation in the Rabi model from weak to strong coupling regimes. It is shown that the OEP (i) improves the classical description, (ii) reproduces the quantitative behavior of the exact ground-state properties and (iii) accurately captures the dynamics entering the ultra-strong coupling regime. The present formalism opens the path to a first-principles description of correlated electron-photon systems, bridging the gap between electronic structure methods and quantum optics for real material applications.
The last two decades have witnessed increasing experimental interest in the study and control of manyelectron systems strongly interacting with quantum electromagnetic fields. This includes notable experiments in the areas of cavity [1] and circuit [2] quantum electrodynamics (QED), quantum computing via photon-mediated atom entanglement [3] , electromagnetically induced transparency [4] , quantum plasmonics [5] , quantum simulators [6] and chemistry [7, 8] . The description of realistic coupled matter-photon systems requires combining electronic structure methods from materials science with quantum-optical models. Recently, we have developed a time-dependent density-functional theory (TDDFT) for QED [9] [10] [11] [12] allowing for such a first-principles treatment. However, any application of this theory requires approximations to the electron-photon exchange-correlation (xc) functional, which are currently not available.
In this Letter we construct the first approximation to the xc-functional of QED-(TD)DFT. To achieve this goal, we extend the optimized effective potential (OEP) approach [13] [14] [15] [16] [17] [18] to the electron-photon system. The new functional is tested from the weak to the ultra-strong coupling regime in the Rabi model [19] [20] [21] , through comparison with the exact and classical solutions. We also address the functional dependence on the initial many-body state, assumed to be either a fully interacting or a factorizable state. In both cases, the electron-photon OEP performs well, providing a promising path for describing complex strongly coupled matter-photon systems.
Consider a system with an arbitrarily large number N of electrons at coordinates {r i } N i=1 , e.g. an atom, an ion, or a molecular cluster, interacting with M quantized radiation modes of momenta {p α } M α=1 and frequencies ω α . We denote byĤ 0 =T +V ee +V ext the Hamiltonian of the unperturbed electronic system with kinetic energŷ T , Coulomb interactionV ee , and external (time-dependent)
, due to the nuclear attraction and any classical field applied to the system. Adopting the length gauge in the usual dipole approximation [31] , the Hamiltonian of the fully interacting electron-photon system takes the form [9, 22] 
r i is the dipole moment operator of the electronic system and λ α is the coupling constant of the α photon mode. We define the photon coordinate in terms of annihilation and creation operators asq α = −(â α + a † α )/ √ 2ω α . The interaction Hamiltonian in Eq. (1) consists of two terms. The cross term ∼q αR , i.e.
describes the dipole-photon coupling, wheren(r) = i δ(r − r i ) is the electron density operator. The squared term α (λ α R) 2 /2 represents the polarization energy of the electronic system due to the Coulomb-like interactionv(r i , r j ) = α (λ α r i )(λ α r j ). It follows that the electron-photon coupling gives rise to an additional electron-electron interaction of the form
, where we use the compact notation 1 = (r 1 t 1 ). Here the first term, which involves the photon propagator iD(t 1 , t 2 ) ≡ T {q α (t 1 ) q α (t 2 )} , corresponds to the effective photon-mediated interaction derived from Eq. (2). The second term accounts for the electrostatic interaction v. We use atomic units (a.u.) throughout the paper.
Our formulation of QED-(TD)DFT combines one of the most popular exact methods for ground (excited) state electronic calculations [23] , with the full quantum treatment of the electromagnetic field. In this theory, the wave function of the total system Ψ({r j }, {q α }, t) is a unique functional of the electron density n(rt) = Ψ|n(r)|Ψ and the expectation values of the photon coordinates Q α (t) = Ψ|q α |Ψ [9] . The former can be calculated for a fictitious Kohn-Sham (KS) system of N non-interacting particles, whose orbitals {φ j } satisfy the self-consistent equations
Here the effective part of the KS potential is defined as v eff = v MF + v xc , where
is the mean-field contribution due to M classical electromagnetic modes, whose expectation values Q α obey the Ampere-Maxwell equation for the electric field. All the quantum many-body effects are embedded in the unknown xc-potential v xc , which must be approximated. In the following we disregard the contribution of the Coulomb interaction V ee , which can be treated by standard methods.
In this work we generalize the OEP approach to construct approximations to the electron-photon functional v xc [32] . We derive the TDOEP equation for the electronphoton system in the form of the generalized linear ShamSchlüter equation on the Keldysh contour [15] 
where the electron self-energy Σ contains the interaction W ee of Eq. (3) . Connecting Σ at each order in the expansion to v xc , Eq. (5) allows one to perturbatively construct the xc-functional to any desired order in the coupling strength λ α . Analogously to the GW approximation [24, 25] for electronic structure methods, we approximate the electron self-energy by the exchange-like diagram
where we assume the photon propagator in W ee to be free.
Here the quantum nature of the electromagnetic field is accounted for by the dynamical part of Σ, related to the first term of Eq. (3). This part describes the processes of emission and absorption of a photon. Neglecting the above dynamical contribution to v eff corresponds to the classical treatment of the electromagnetic field.
Making use of the Langreth rules, we obtain from Eq. (5)
where the integration over the spatial coordinates is implied. For computational convenience we consider Eq. (7) in the low temperature limit T → 0. The electron-photon collision integral on the right hand side then is responsible for the spontaneous photon emission of the excited electrons and the broadening in the electronic levels. Eq. (7) explicitly reads as
where we define
Here f i is the fermion occupation number and d α ik (t) = λ α φ i (t)|r|φ k (t) is the projection of the dipole matrix element on the coupling constant of the α-mode. The orbitals {φ j } are solutions of the time-dependent KS equations with the initial condition φ j (rt) = φ j (r)e −iεj t for −∞ < t ≤ 0. Alternatively, Eq. (8) can be derived via the variational principle from the action functional on the Keldysh contour, with the exchange part given by
where we denote the contour variable by z. Furthermore, the time-dependent mean-field potential is evaluated from Eq. (4) as
where R(t) = d 3 r r n(rt) is the expectation value of the dipole moment operator of the electronic system. In the special case of the electron-photon system in equilibrium at time t = 0 with V ext = V ext (0), Eq. (8) stationary OEP equation
where
Here we assume the limit η → 0. Eq. (11) describes the virtual process of excitation of electron-hole pairs, supplemented with the virtual emission of a photon. Eq. (10) can be variationally derived employing the second-order correction to the ground-state energy
(12) The first term in the x-energy E x is interpreted as the Lamb shift due to the virtual emission of photons. The second term comes from the counter-term α (λ α R) 2 /2 in the Hamiltonian, and accounts for the free electron behavior in the high photon energy limit ω α → ∞.
We now apply these results to a simple exactly solvable cavity-QED system, i.e. the two-level model of a diatomic molecule with one electron in a single-mode cavity. For the one photon case, and in the one-electron basis set (r → σ z ,T → −t kinσx ), the HamiltonianĤ of Eq. (1)
is isomorphic to the generalized Rabi Hamiltonian with external potential v ext (t) and coupling strength g = ω/2 λ.
We consider first the description of the system in equilibrium at time t = 0 with v ext = v ext (0). Eq. (10) 
Here the second term corresponds to the classical contribution associated with the first interaction term in Eq. (3). Moreover, the total energy of the system takes the form
where n = σ z = −v s /W is the density difference between the two levels, and Eq. (12) reduces to
The net exchange contribution to the ground-state total energy vanishes in the classical limit of coupling λ → ∞, as expected. In Fig. 1 we show the calculated OEP groundstate density n and total energy E as functions of the coupling strength λ, compared to the results obtained from the exact and classical treatment of the electromagnetic field. The eigenvalue problem for the static Rabi Hamiltonian in Eq. (13) is solved by employing the exact diagonalization technique [26, 27] , after proper truncation of the Fock space. We observe that both the OEP and classical approximations reproduce qualitatively the electron's confinement on the excited level, as the shift in the energy levels increases with the coupling strength, and recover the exact result in the limit λ → ∞. In addition, our OEP scheme is by construction exact in the weak coupling regime. For the ground-state densities n shown in (a), we see excellent agreement between the OEP and the exact results up to λ = 0.5 and above λ = 2. In contrast, the classical approximation performs reliably only in the limits of very small or very high interaction strength. Regarding the ground-state total energies E shown in (b), the improvement of the OEP with respect to the classical approach is evident. Here the classical result is only asymptotically accurate and largely underestimating in between. On the contrary, the OEP energy is close to the exact values in the whole coupling range, with only small deviations around λ = 1.25. The TDOEP Eq. (8) for the Rabi model simplifies to whereṽ x = v x (t) + λ 2 n(t) and c(t, t 1 ) = d 12 (t)n(t 1 ) − d 12 (t 1 )n(t). Moreover, the mean-field potential of Eq. (9) explicitly reads as
Employing the numerical algorithm presented in [28] , we solve Eq. (17) self-consistently for t > 0, together with the time-dependent KS equation. The former, which is a Volterra integral equation of the first kind, is evaluated using a midpoint integration scheme combined with the trapezoidal rule [29] . The latter is propagated with a predictor-corrector scheme using an exponential midpoint propagator [30] . In Fig. 2 we show the time-evolution of the calculated TDOEP density n and effective potential v eff for two different setups, compared to the exact and classical results. In the first setting, we assume that the electronphoton system, interacting with coupling constant λ = 0.1, is driven out of equilibrium at t = 0 by a sudden switch in the external perturbation v ext (t) = −0.2 sgn(t). In the second configuration, we choose a non-interacting initial state with v ext (t) = 0, while switching on at later times the electron-photon coupling λ(t) = 0.1 θ(t). Here we use as initial state for the propagation |Ψ = (1/2|1 + √ 3/2|2 ) ⊗ |0 , where |1 and |2 are the basis vectors of the electron system, and |0 is the photon vacuum field. For the chosen parameters, the various densities of the two setups undergo off-resonant Rabi oscillations with nearly identical relative behavior. This is shown in (a) for the sudden-switch example. Within the plotted range, the TDOEP and exact results are practically on top of each other. In contrast, the classical density starts to deviate around t = 20 a.u., and the error becomes quite sizable at t = 40 a.u.. More significant is the improvement of the TDOEP approach against the classical approximation in the effective potential. As we can see in (b) for the suddenswitch case, and in (c) for the non-interacting initial configuration, the TDOEP result is very accurate up to t = 20 a.u.. At later times, small deviations appear, especially in (c), where the potential shows a more complex dynamics. Nevertheless, the improvement with respect to the classical result is still evident.
In conclusion, a new efficient approach for nonrelativistic many-electron systems strongly interacting with photons is proposed. We showed that the lowest order (TD)OEP for the off-resonant Rabi model gives accurate ground-state properties (dynamics) far beyond the weakcoupling regime, clearly improving over the classical description. This work opens the path to a computationally efficient description of novel phenomena at the interface between condensed matter physics and quantum optics.
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